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A triangular norm (t-norm for short) is a binary operation T : ½0;12 ! ½0;1, such that for all x; y; z 2 ½0;1 the following
conditions are satisﬁed:
(T1) Tðx; yÞ ¼ Tðy; xÞ (commutativity);
(T2) TðTðx; yÞ; zÞ ¼ Tðx; Tðy; zÞÞ (associativity);
(T3) Tðx; yÞ 6 Tðx; zÞ whenever y 6 z (monotonicity);
(T4) Tðx;1Þ ¼ x (boundary condition).
The four basic t-norms are given by, respectively:TMðx; yÞ ¼minfx; yg;
TPðx; yÞ ¼ xy;
TLðx; yÞ ¼maxf0; xþ y 1g;
TDðx; yÞ ¼
0 if maxfx; yg < 1;
minfx; yg otherwise:
(. All rights reserved.
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additive generator only.
Let f : ½0;1 ! ½0;1 be a strictly decreasing function with f ð1Þ ¼ 0 such that f ðxÞ þ f ðyÞ 2 Ranðf Þ [ ½f ð0þÞ;1 for all
ðx; yÞ 2 ½0;12. The function T : ½0;12 ! ½0;1 deﬁned byTðx; yÞ ¼ f ð1Þðf ðxÞ þ f ðyÞÞ ð1:1Þis a t-norm, where f ð1Þ : ½0;1 ! ½0;1 is the pseudo-inverse (cf. [5]) of f deﬁned by f ð1ÞðyÞ ¼ supfx 2 ½0;1jf ðxÞ > yg.
The function f is said to be the additive generator of T.
There are three essential points in this method:
(i) f : ½0;1 ! ½0;1 is strictly decreasing with f ð1Þ ¼ 0.
(ii) ð½0;1;þ;6Þ is a fully ordered Abel semigroup with neutral element 0.
(iii) The range of f is relatively closed with respect to þ, viz., for any a; b 2 Ranðf Þ; aþ b 2 Ranðf Þ [ ½f ð0þÞ;1.It is worth noting that besides the usual addition ‘‘þ” there are many operations ‘‘H” on ½0;1 such that ð½0;1;H;6Þ is a
fully ordered Abel semigroup with neutral element 0, for examplexHy ¼ maxfx; yg;
xHy ¼ xþ y if x; y > 1;
maxfx; yg otherwise;

xHy ¼ xþ yþ kxy; k 2 ½0;1Þ;
xHy ¼ ðxs þ ys þ kxsysÞ1=s; k 2 ½0;1Þ; s 2 ð0;1Þ;
xHy ¼ ðxs þ ysÞ1=s; s 2 ð0;1Þ;
xHy ¼ 1
p
lnðepx þ epy  1Þ; p 2 ð0;1Þ:Evidently, if we replace the usual addition by a binary operation which satisﬁes (ii), we can also expect some similar results.
On the other hand, a pseudo-t-norm (cf. Flondor et al. [2]) is a binary operation T : ½0;12 ! ½0;1 such that (T2), (T3) and
(T4) are satisﬁed. (Note that in the literature there are other binary operators called pseudo-t-norms, see e.g., Wang and Yu
[15]. In the paper, we only deal with pseudo-t-norms in the sense of Flondor.) A pseudo-t-norm is said to be proper if it is not
commutative. Clearly, a proper pseudo-t-norm cannot be generated by a strictly decreasing function and the usual addition,
since ð½0;1;þÞ is an Abel semigroup. But if we replace ð½0;1;þÞ by a non-Abel semigroup ð½0;1;HÞ, then a proper pseudo-
t-norm perhaps can be generated by a decreasing function.
In this contribution we make some efforts along this line. Our purpose is to generalize the concept of additive
generators.
2. Generalization of additive generators of t-norms
Theorem 2.1. Let f : ½0;1 ! ½0;1 be a strictly decreasing function with f ð1Þ ¼ 0 andH be a binary operator on ½0;1 such that
ð½0;1;H;6Þ is a fully ordered Abel semigroup with neutral element 0. If the range of f is relatively closed with respect to H, viz.,
f ðxÞHf ðyÞ 2 Ranðf Þ [ ½f ð0þÞ;1 for all ðx; yÞ 2 ½0;12, then the function T : ½0;12 ! ½0;1 deﬁned byTðx; yÞ ¼ f ð1Þðf ðxÞHf ðyÞÞ ð2:1Þis a t-norm. The function f is called the H-generator of T.
Proof. It is similar to that of Theorem 3.6 in [6]. h
Example 2.2. Let H ¼max. Then for any strictly decreasing function f : ½0;1 ! ½0;1 with f ð1Þ ¼ 0, the operation
T : ½0;12 ! ½0;1 deﬁned by Eq. (2.1) is a t-norm. In fact Tðx; yÞ ¼minfx; yg for any f, so in the sequel we always assume
that H 6¼max.
Example 2.3. Let Hkðx; yÞ ¼ xþ yþ kxy andf ðxÞ ¼
3
2x x 2 ½0; 12Þ;
2 x x 2 ½12 ;1Þ;
0 x ¼ 1:
8><
>:It is evident that Ranðf Þ is relatively closed with respect to Hk for any k 2 ½1;1Þ. Hence the operator Tkðx; yÞ deﬁned by Eq.
(2.1) is a t-norm whenever kP 1. Indeed
Y. Ouyang et al. / International Journal of Approximate Reasoning 49 (2008) 417–421 419Tkðx; yÞ ¼
2xy
2xþ2yþ3k ðx; yÞ 2 ½0; 12 Þ2;
3
2½ð2xÞþð2yÞþkð2xÞð2yÞ ðx; yÞ 2 ½12 ;1Þ2;
3x
4x3ky2xyþ3þ6k ðx; yÞ 2 ½0; 12Þ  ½12 ;1Þ;
3y
4y3kx2xyþ3þ6k ðx; yÞ 2 ½12 ;1Þ  ½0; 12Þ;
minfx; yg otherwise:
8>>>><
>>>>:Notice that lim k ! 1Tkðx; yÞ ¼ TDðx; yÞ.
Note that if f : ½0;1 ! ½0;1 be a strictly increasing function with f ð1Þ ¼ 1, if H be a binary operator on ½0;1 such that
ð½0;1;H;6Þ is a fully ordered Abel semigroup with neutral element 1, and if f ðxÞHf ðyÞ 2 Ranðf Þ [ ½0; f ð0þÞ for all
ðx; yÞ 2 ½0;12, then the operator deﬁned by Eq. (2.1) is also a t-norm. In this way we can generalize the concept of multipli-
cative generator of a t-norm.
Although the above result is similar to Theorem 3.6 in [6], our purpose is to generalize the concept of additive generator.
Moreover, if we give up the commutativity of H, then Eq. (2.1) yields a pseudo-t-norm. It is worth noting that a proper pseu-
do-t-norm has no additive generator, although it can be generated by additive generating triple ðh; f ; gÞ (see [7]).
Theorem 2.4. Let f : ½0;1 ! ½0;1 be a strictly decreasing function with f ð1Þ ¼ 0 andH be a binary operator on ½0;1 such that
ð½0;1;H;6Þ is a fully ordered semigroup with neutral element 0. If the range of f is relatively closed with respect to H, viz.,
f ðxÞHf ðyÞ 2 Ranðf Þ [ ½f ð0þÞ;1 for all ðx; yÞ 2 ½0;12, then the function T : ½0;12 ! ½0;1 deﬁned by Eq. (2.1) is a pseudo-t-norm.
The function f is called the H-generator of T.
Example 2.5. Let f ðxÞ ¼ 1x  1; x 2 ½0;1 and H : ½0;12 ! ½0;1 be deﬁned asxHy ¼ 1 xP
1
y þ 1;
maxfx; yg otherwise:
(Then the binary operator T generated by f and H via Eq. (2.1) is given byTðx; yÞ ¼ 0 x 6 1
1
2y ;
minfx; yg otherwise:
(We can easily check that T satisﬁes the conditions (T2), (T3) and (T4), that is, T is a pseudo-t-norm.
Additionally, if the function f in Theorem 2.1 is also continuous then the range of f is relatively closed with respect to H
automatically. Thus we have the following.
Corollary 2.6. Let f : ½0;1 ! ½0;1 be a strictly decreasing continuous function with f ð1Þ ¼ 0 and H be a binary operator on
½0;1 such that ð½0;1;H;6Þ is a fully ordered Abel semigroup with neutral element 0. Then the function T : ½0;12 ! ½0;1
deﬁned by Eq. (2.1) is a t-norm.
Example 2.7. Let f ðxÞ ¼ 4ð1 xÞ; x 2 ½0;1 and H : ½0;1 ! ½0;1 be deﬁned byxHy ¼ xþ y if x; y > 1;
maxfx; yg otherwise:
Then the t-norm generated through Eq. (2.1) is given byTðx; yÞ ¼ maxfxþ y 1;0g if 0 6 x; y <
3
4 ;
minfx; yg otherwise:
(From Example 2.7 we know that a continuous H-generator can generate a non-continuous t-norm. But if ð½0;1;H;6Þ is
an I-semigroup (so H is continuous on ½0;12 ) with neutral element 0, then a continuous H-generator always generates a
continuous t-norm. Furthermore, if H is strictly increasing on ½0;12 then the generated t-norm is always Archimedean.
It is well known that a continuous Archimedean t-norm always has additive generators. Also, if xHky ¼ ðxk þ ykÞ1=k then
any continuous Archimedean t-norms have H-generators. In fact, it is easy to see that f is the additive generator of T if and
only if f 1=k is the Hk-generator of T. In [11], Mesiarová conjecture that a t-norm T generated by an additive generator t is k-lp-
Lipschitz if and only if there exists a k-convex function(cf. [11]) g : ½0;1 ! ½0;1 such that gkðxÞ ¼ tðxÞ. This is to say a t-
norm T is k-lp- Lipschitz if and only if it is generated by a k-convex Hk-generator g.
Now we turn our attention to the problem: For what kinds of operator H, an arbitrary continuous Archimedean t-norm
has H-generators? We have the following.
Theorem 2.8. Let ð½0;1;H;6Þ be an I-semigroup with neutral element 0 such that H is strictly increasing on ½0;12. Then every
continuous Archimedean t-norm hasH-generators if and only if there is a strictly increasing bijection u : ½0;1 ! ½0;1 such that
xHy ¼ u1ðuðxÞ þ uðyÞÞ.
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erator. Then hðxÞ ¼ u1ðf ðxÞÞ is a H-generator of T. h
We stress that in the above theorem the condition for H to be strictly increasing on ½0;12 cannot be abandoned. This can
be shown through the following example.
Example 2.9. Let H : ½0;12 ! ½0;1 be deﬁned asxHy ¼
minfxþ y; ag x; y 2 ½0; a;
xþ y a x; y 2 ða;1;
maxfx; yg otherwise:
8><
>:Clearly, there is not a strictly increasing bijection u such that xHy ¼ u1ðuðxÞ þ uðyÞÞ (since H is not strictly increasing). But
every continuous Archimedean t-norm T has H-generators. Indeed if f is an additive generator of T then the function g de-
ﬁned by gðxÞ ¼ f ðxÞ þ a for x 2 ½0;1Þ and gð1Þ ¼ 0 is a H-generator of T.
Let f be a given function which admits all the properties of additive generators of continuous Archimedean t-norms. Let O
be the set of all binary operations on ½0;1 such that for any H 2 O, ð½0;1;H;6Þ is an I-semigroup with neutral element 0.
According to the above discussions, every H 2 O together with f generates a continuous t-norm. We denote this t-norm by
Tf ;H and putTf ¼
[
H2O
Tf ;H:Does Tf include all continuous Archimedean t-norms?
The answer is afﬁrmative. Indeed, let T be an arbitrary continuous Archimedean t-norm and h its additive generator. Let
u : ½0;1 ! ½0;1 be deﬁned by uðxÞ ¼ hðf ð1ÞðxÞÞ and H be deﬁned asuHv ¼ u
ð1ÞðuðuÞ þ uðvÞÞ u; v 2 Ranðf Þ;
maxfu; vg otherwise:
(Then H 2 O and f is a H-generator of T.
3. Construction of t-subnorms
In [3] Jenei introduced triangular subnorms (t-subnorms for short). Recall that a mapping M : ½0;1 ! ½0;1 is called a
t-subnorm if it fulﬁls (T1), (T2), (T3) and is bounded by minimum, i.e.,ðT4Þ0Mðx; yÞ 6minfx; yg for all x; y 2 ½0;1:
Now we intend to generalize Theorem 2.1 to the case of t-subnorms.
Proposition 3.1. Let f : ½0;1 ! ½0;1 be a non-increasing function and H be a binary operator on ½0;1 such that ð½0;1;H;6Þ
is a fully ordered Abel semigroup with x H 0P x for all x 2 ½0;1. If the range of f is relatively closed with respect to H, viz.,
f ðxÞ H f ðyÞ 2 Ranðf Þ [ ½f ð0þÞ;1 for all ðx; yÞ 2 ½0;12, then the function M : ½0;12 ! ½0;1 deﬁned byMðx; yÞ ¼ f ð1Þðf ðxÞHf ðyÞÞ ð3:1Þ
is a t-subnorm. f is called the H-generator of M.
Proof. Similarly as in the proof of Theorem 2.1 we can show the monotonicity and commutativity as well as the associativity
of M. Thus it remains to show that Mðx; yÞ 6 minfx; yg only. Since ð½0;1;H;6Þ is a fully ordered semigroup and xH0P x for
all x 2 ½0;1,Mðx; yÞ ¼ f ð1Þðf ðxÞHf ðyÞÞ 6 f ð1Þðf ðxÞH0Þ 6 f ð1Þðf ðxÞÞ 6 x:
Analogously, Mðx; yÞ 6 y. Thus Mðx; yÞ 6minfx; yg. h
A boundary weak triangular norm (bwt-norm for short) [12] is a t-subnorm with Mð1;1Þ ¼ 1. Like for Proposition 3.1, we
have the following.
Proposition 3.2. Let f : ½0;1 ! ½0;1 be a non-increasing function with f ðxÞ ¼ 0 if and only if x ¼ 1 and H be a binary operator
on ½0;1 such that ð½0;1;H;6Þ is a fully ordered Abel semigroup with x H 0P x for all x 2 ½0;1 and 0 H 0 ¼ 0. If the range of f
is relatively closed with respect to H, viz., f ðxÞHf ðyÞ 2 Ranðf Þ [ ½f ð0þÞ;1 for all ðx; yÞ 2 ½0;12, then the function
M : ½0;12 ! ½0;1 deﬁned by Eq. (3.1) is a bwt-norm. f is called the H-generator of M.
Proof. Only Mð1;1Þ ¼ 1 needs to be shown. But this is trivial since f ðxÞ ¼ 0 if and only if x ¼ 1 and 0H0 ¼ 0. h
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1 x 2 ½0; 12Þ;
1
2 x 2 ½12 ;1Þ;
0 x ¼ 1:
8><
>:When kP 1, Eq. (3.1) yields a bwt-normMkðx; yÞ ¼
1
2 ðx; yÞ 2 ½12 ;1Þ  f1g or ðx; yÞ 2 f1g  ½12 ;1Þ;
1 x ¼ y ¼ 1;
0 otherwise:
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